When vehicles are driven on consecutive speed control humps, the parameters of speed control humps such as height, width, and space and vehicle's speed are the important factors to affect safety and comfort of passengers. The paper assumes that the excitation function of the consecutive speed control humps is a half-sine wave and a SCHs-speed coupling excitation model called 7-DOF nonlinear full-vehicle model and differential equation are established by introducing the time delay of incentive input and then by using numerical simulation to analyze chaotic vibration in 7-DOF nonlinear full-vehicle model excited by consecutive speed control humps. The numerical simulation results show that chaotic vibration phenomenon possibly appears as vehicles are driven on consecutive speed control humps. Further studies indicate that the influence of nonlinear running state of vehicle on driving comfort becomes manifest as the state changes from chaotic motions to the periodic motion of the high speed and the periodic motion of the low speed, and this phenomenon can be avoided by changing the parameters of consecutive speed control humps. The results can be applied in design of vehicle and road humps pavement.
Introduction
Road speed control humps are a kind of forced road traffic safety facilities, which play an important role in curbing the occurrence of traffic accidents [1, 2] . At present, all various speed control bumps are paved on road; in addition to the common entrance, community and school road install rubber speed control bumps and the accident black spot on highway, such as highway curve, ramp, and tunnel entrances, generally setting up consecutive speed bumps to force the vehicle deceleration. When the car passes the uneven speed control bumps, severe vibration through the body and seat is passed from tire to the driver, which makes the driver feel uncomfortable. Thus, the driver will be forced to reduce speed to achieve the goal of speed limit [3] [4] [5] .
The automobile suspension system is necessary equipment, which can reduce the vibration generated by the SCHs, improve the vehicle's driving smoothness and comfort, and reduce the damage of the vehicle and road surface. Because of the nonlinearities of automobile suspension system and wheels, the nonlinear characteristics existing in the automobile suspension system can lead to suspension system producing complicated dynamic behaviors under uneven road surface excitation, such as chaotic vibration and quasiperiodic vibration. When the vibration becomes sever, it will lead the vehicle to jump or overturn [3, 6, 7] . Chaotic vibration and quasiperiodic vibration may cause shock vibration to road surface, thus influencing the lifetime of road surface, safety of driving, and the comfort of driver [8] [9] [10] [11] [12] [13] .
In recent years, the nonlinear complex dynamic behavior of the automobile suspension system caused by road roughness excitation has caused more and more concerns [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . This study mainly focuses on the single-DOF, two-DOF, and four-DOF vehicle models and analyzes the chaotic vibration induced by road excitation, which includes sine wave excitation and multifrequency and multiamplitude or random excitation. The traditional vehicle dynamics models are mainly divided into 1/4 vehicle model and half-vehicle model. 2-DOF 1/4 vehicle model is a simple vehicle dynamics model which just studies the vertical direction of movement of the vehicle body, and 4-DOF half-vehicle model is relatively close to the actual model of suspension system; it can be used for studying not only vertical movement and pitch motion of the vehicle body, but also the vertical movement of front and rear wheels, so the traditional vehicle dynamics models have some limitations and cannot reflect the overall dynamic behavior of vehicles [18] . In fact, the dynamic response of various models is different obviously; simple models are difficult to provide enough information to reflect the actual dynamic characteristics of suspension system and vehicle body. 7-DOF vehicle 3D model can completely study the vertical movement, pitch, and roll motion of car body and the vertical movement of the status of four wheels, which has high practical value [19] . In practice, the running state of 2-DOF and 4-DOF nonlinear vehicle model excited by consecutive speed control humps had been investigated in domestically and overseas [5] [6] [7] [14] [15] [16] , but the chaotic motions of 7-DOF nonlinear vehicle model by considering the effect of the different excitation frequency have not yet been developed. Therefore, the speed range inducing chaotic vibration is not clear, as well as the relationship between the parameters of SCHs and chaotic vibration, and the relationship between the nonlinear running state of vehicle and the driving comfort. Aiming at a deceleration road section on highway, the height of SCHs is fixed; when driving in continuous speed control bumps of different speed, the driving period is different, which means the SCHs can bring different excitation frequency to different speed of car. Therefore, we study the action of nonlinear vibration of the automobile suspension system under the fixed amplitude and different frequency areas of road surfaces, and the relationship between the nonlinear running state of vehicle and the driving comfort. It is of great practical significance for designing vehicle and road pavement.
Aiming at this special road of the SCHs in highway, the SCHs-speed coupling excitation model, 7-DOF nonlinear full-vehicle model, and dynamic equation are firstly presented, then the response of nonlinear chaotic vibration of 7-DOF nonlinear full-vehicle model excited by consecutive SCHs is analyzed by numerical simulation, the range of the chaotic vibration frequency is derived, and the relationship between the nonlinear running state of vehicle and the driver's comfort is obtained from the perspective of vibration strength (VS) and vibration amplitude (VA). The numerical simulation shows that the chaotic vibration will appear when vehicles pass consecutive speed control humps under special speed range. Meanwhile, it is concluded that the low periodic motion zone is the strongest region for affecting the vehicle comfort, adjusting the parameters of SCHs to avoid this phenomenon.
The Vehicle Suspension System and the Road Excitation Model

The SCHs-Speed Coupling Excitation
Model. The SCHs on highway are mainly paved by the periodic or aperiodic form on tunnel portal, turn section, ramp, and so forth. The paper focuses on highway ramp, curve continuous deceleration zones, and survey and found that the SCHs have approximately the same width and spacing, and the form of the SCHs is similar to the shape of half-sine wave. Therefore, the paper uses the half-sine wave to simulate highway SCHs; the physical objects and static model of highway SCHs are shown in Figure 1 . In Figure 1 (b), is the height of the speed control bump, is width of speed control bump, and is the distance between two adjacent speed-control bumps. In Figure 1 , vehicle goes through a series of consecutive SCHs with speed V, 1 is the time for a vehicle to pass a hump, and 2 is time for the vehicle through two adjacent speed control humps, so 1 = /V, 2 = /V; that is to say, the period = 1 + 2 ; thus the relationship between excitation frequency and speed can be given as = V/( + ).
At present, the parameter of SCHs is fixed at no unified standard; the range of is usually 0.003 m ∼ 0.020 m; = 0.02 m is fixed in this paper. Because the road surface roughness is far less than the height of the SCH, we can ignore road roughness of SCHs section, and the waveform of consecutive SCHs in highway is similar to a half-sine wave. According to the field observation measurement, width is equal to space incurve road and ramp; namely, = . Therefore, the dynamic excitation of consecutive SCHs to vehicles' four-wheel motivation can be defined, respectively:
where and denote amplitude and frequency of the sine excitation in consecutive SCHs section, respectively; denotes incentives time delay of excitation to the two front or two rear wheels of vehicle; denotes incentives time delay of excitation to the vehicle's left and right front wheels.
Seven-DOF Full-Vehicle Model.
A nonlinear vehicle dynamics simulation model which can reflect the real running state of vehicle and full-DOF is established. In Figure 2 [19], the vehicle body can consist of a three-DOF ( , , and in Figure 1 ) and cuboid . Ignoring the vehicle's yaw, rotational degree of freedom, and steering angle of four wheels, vehicle body has three other characteristics that are pitch roll, vertical jump, and the four wheels which can vertically leap.
Symbols are defined in Figure 2 as follows: : sprung mass; : roll axis moment of inertia; : pitch axis moment of inertia; , : front/rear unsprung mass; , : front/rear suspension spring stiffness; , : damping coefficient of front suspension; , : damping coefficient of rear suspension; , : tire spring stiffness; , : damping coefficient of tire; : length between the front of vehicle and the center of gravity of sprung mass; : length between the rear of vehicle and the center of gravity of sprung mass; : width of sprung mass.
Suspension spring damping unit has nonlinear characteristics, ignoring the influence of tire damping at the same time, just considering the nonlinear mechanical properties of elastic force. It is assumed that the modeled nonlinear spring of suspension has the following characteristics [18, 19] :
The nonlinear damping forces of suspensions are given by
The nonlinear characteristic of vehicle's tire is
where is the equivalent stiffness of spring force, Δ is the deformation, and is the nonlinear coefficient of the tire spring.
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The damping of the tires is assumed to be viscous; thus the damping force is calculated as
where is the viscous damping coefficient andΔ is the relative velocity of damper.
Based on the above analysis, the established nonlinear suspension model, and the road excitation condition, in the initial coordinate system o-, the nonlinear dynamic equation of 7-DOF full-vehicle by Lagrange method can be established as follows:
The forces related to the sprung mass in (6) can be calculated as 
The forces related to the unsprung mass can be expressed as follows:
where
Numerical Simulation
Based on the above established nonlinear dynamics model and system dynamic equations (6), the dynamic response of the system was studied numerically using the forth order Runge-Kutta algorithm provided by MATLAB. Since numerical integration could give spurious results regarding the existence of chaos due to relative big time steps, the step length was verified to ensure that no such solutions were generated as a result of time discretization. The parameters of the full-vehicle model which are used in the numerical study are shown in Table 1 [19]. 
The Nonlinear Dynamics Analysis of System.
In general, we use bifurcation diagram of the amplitude of vibration system relative to the excitation frequency change to analyze the dynamic response of system; the maximum value of displacement amplitude's absolute value is defined as system amplitude. For the car driven on the continuous SCH, speed is more obvious, so the paper uses response of the figure (bifurcation diagram) of the variation amplitude relative to the speed to analyze system dynamic response. In the dynamic system, bifurcation diagram is commonly used to check the response diagram under certain parameter change of model. In this paper, road surface excitation frequency (the speed of the vehicle driven on the SCHs) can be taken as a parameter in bifurcation diagram, which is obtained by plotting Poincaré points, as shown in Figures 3-6 .
In the simulation, the amplitude of SCHs is 0.02 m, the speed range is 35.00 km/h < <90 km/h, and speed change step is 0.001 km/h. Figures 3-6 show the frequency response, which are vertical displacement of the sprung mass, rotating angle of sprung mass around its center, pitch angle of the vehicle, and four wheels' vertical displacement diagram (because the four wheels are symmetrical, we just need to analyze the front-left wheel movement condition), respectively. Simulation time in system is 20 s, the integral time of solving the dynamic differential equations is 1000 cycles, the last 200 Poincaré points are plotted by taking incentive period points in each to determine the bifurcation parameter, and the original 1600 incentive Poincaré points data are not shown in the diagram, which can guarantee the used data in vibration stability state, thus avoiding the influence of transient response. Figure 3 shows bifurcation diagram of the car body's vertical displacement continuous changes with vehicle speed change. When the vehicle speed increases gradually, there was a downward jump as V = 68.85 km/h and V = 76.80 km/h. When between V = 69.05 km/h and V = 76.80 km/h, motion state of system changed from the oscillations to beats; the area is the unstable regions of the system; this phenomenon in nonlinear dynamic response analysis of 4-DOF nonlinear half-vehicle model and 2-DOF quarter car model cannot be obtained. Figure 4 represents dynamic responses diagram of roll movement of vehicle. According to the characteristics in Figure 4 , it can be divided into three regions: A (35.00∼ 68.85 km/h), B (68.85∼77.05 km/h), and C (77.05∼95 km/h). It is clearly found that the bifurcation diagram of vehicle roll movement and the vertical displacement of car body are obviously different, without obvious upward or downward leap. In region B, vehicles do beat movement. The existence of the unstable region means that the system is possibly producing chaotic motion phenomenon. Jump up and bifurcation (fractal) phenomenon can be obtained in the dynamic response diagram of the pitch motion of the car. In Figure 5 , we can obtain that when V = 68.85 km/h, an upward jump appears and when V = 78.75 km/h, bifurcation (fractal) phenomenon appears. The unstable region exists in 50.85 < V < 68.85 km/h and 69.05 km/h < V < 76.95 km/h; and 50.85 km/h < V < 68.85 km/h is the new additional region.
Since front-and rear-wheels of the car are symmetrical and the left and right wheels are symmetrical, the sprung mass of four wheels has the same movement characteristics. Therefore, we only plot the bifurcation diagram of vehicle front-left wheel, as shown in Figure 6 . From Figure 6 , when V = 68.85 km/h, there exists a big jump; when V = 77.95 km/h, the system has a bifurcation (fractal) phenomenon. The instability area of the system did not increase. From the bifurcation diagram, we can see that the wheel movement has similar dynamic response to the pitch angle of vehicle body in Figure 5 .
Through analyzing of the bifurcation diagram of 7-DOF nonlinear vehicle, we can find that movement characteristics of the system are similar in the same area. At the same time, chaos movement might appear in the unstable region and may appear in the jump area. The unstable areas are analyzed by using the Poincaré, phase diagram, and PSP to further study system and whether there exists chaos motion in a given area, as shown in Figure 7 .
When V = 72.65 km/h, system movement mode is shown in Figure 4 . Phase diagram can consist of multiple closed curves, and these are filled in the whole phase space, Poincaré section has an unlimited number of points, PSP value in each turbulence period is approximately random, and cloud structure of its point has no rules, which means that the system does chaotic motions.
The Influence of Analysis of Nonlinear Vibration on Passenger Comfort
Road control bumps are one of the main factors to influence the vehicle driving comfort. When car is driven, some factors such as road roughness make car vibration. The vibration of the vehicle transmits from suspension, bottom deck, and the seat to driver, which can cause human body vibration and lead to the passenger's comfort becoming lower. The researches show that the human response to vibration related to vibration direction, frequency, intensity, and exposure time [4, 6, 7] . In general, internal vibration of the vehicle suspension system can be denoted by VA and intensity VS, and the vibration intensity and vibration amplitude are the main factors to influence the comfort, so the paper applies the nonlinear vibration amplitude and vibration intensity to analyze the effect of nonlinear characteristic on the comfort of vehicle suspension systems. We use PSP value of system state parameters under the influence of different nonlinear characteristics to reflect the vibration characteristics of the system. As shown in Figures 8  and 9 , the characteristics of vertical vibration of vehicle body in speed range of 35.00 ∼ 90.00 km/h are shown in PSP-speed bifurcation diagram and VS-speed bifurcation diagram. Figures 8 and 9 are the speed of the bifurcation diagram; in the speed area of the different nonlinear characteristics, the amplitude PSP value of the vehicle body vertical movement under different nonlinear characteristics and vibration intensity range is shown in Table 2 . Figure 8 illustrates that when the vehicle speed ranges in region A, the vibration change amplitude of vehicle body vertical direction is maximum, while amplitudes of other areas are lower. It can be found in Figure 9 that the presented characteristics of VS-speed bifurcation diagram and corresponding PSP-speed bifurcation diagram of system vibration parameters have great similarities, also period state can affect vehicle vibration intensity obviously, and influence of chaos on vehicle vibration is relatively weak. For the influence of analysis of different nonlinear dynamic characteristics on internal vibration of suspension system, we can deduce that, in produced periodic motion area of the system, namely, speed in the periodic A (35.00 ∼ 68.85 km/h), nonlinear characteristic of system can lead to the vehicle vibration intensifying, which can seriously influence the driving comfort and safety. When speeding in other areas, the vehicle vibration intensity and amplitude were Mathematical Problems in Engineering decreased significantly. This special nonlinear phenomenon can provide important reference significance to design of bumps pavement and road speed limit parameter.
Conclusion
In this paper, a half-sine wave excitation is applied to simulate highway SCHs, and 7-DOF nonlinear vehicle model is established. Under the condition of four wheels with time delay, chaotic vibration of 7-DOF nonlinear vehicle model and the relationship between vibration and comfort are researched, and the complex dynamic behavior of the system is obtained by numerical simulation. Applying bifurcation diagram, we found that when the speed of the vehicle reaches a certain range, the instability regions of system appear, while the phenomenon in the study of 2-DOF and 4-DOF vehicle model could not be obtained. The chaotic phenomena occur in 4-DOF model when vehicle speed is between 59.00 km/h∼ 70.00 km/h occur in 4-DOF model as the range of the vehicle speed under 68.85 ∼ 76.80 km/h, which initial velocity of the vehicle larger than that of 4-DOF in chaotic phenomena. Compared with the 4-DOF model, the results of 7-DOF model are closer to the real situation, which has greater practical value. The comparison between two models can be seen in the paper conclusions. The influence of the nonlinear vibration state of vertical direction on comfort is studied; the results show that the vehicle's vibration intensity is the largest in low periodic motion state, and the influence of the nonlinear vibration on driving comfort is the biggest.
Although the vehicle dynamic model is just a simplified model and we selected control parameters with certain difference from the actual data, our results are still effective in the dynamics of vehicle dynamic design; meanwhile, the results may still provide a certain reference for the vehicle driven on the SCHs with appropriate speed. In the next step, we will further study the influence of various parameters of consecutive SCHs on the system dynamics behavior, and chaos has been tested in the actual system.
